Numerical model for tomographic image
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Abstract: We present a numerical image-formation model for investigating
the influence of partial coherence, sample thickness and depth-of-focus on
the accuracy of tomographic reconstructions in transmission x-ray
microscopes. The model combines wave propagation through the object by
finite difference techniques with Fourier methods. We include a ray-tracing
model to analyse the origin of detrimental stray light in zone plate-based xray microscopes. These models allow optimization of x-ray microscopy
systems for quantitative tomographic imaging of thick objects. Results show
that both the depth-of-focus and the reconstructed local absorption
coefficient are highly dependent on the degree of coherence of the optical
system.
©2011 Optical Society of America
OCIS codes: (340.0340) X-ray optics; (340.7460) X-ray microscopy; (110.4980) Partial
coherence; (110.6955) Tomographic imaging.
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1. Introduction
X-ray microscopy is an established technique for nanoscale imaging with applications in cell
biology, as well as material and environmental science [1]. By using soft x-rays in the waterwindow (   2.3  4.4 nm; E  284  540 eV ) a natural contrast between carbon and water is
provided for cell imaging, and zone-plate optics typically provide a resolution of 15 - 30 nm
[2]. The technique allows whole cells (5-10 μm in diameter) to be imaged at high resolution in
their near-native environment without staining or slicing [3], an advantage only met by
coherent diffraction imaging [4]. X-ray microscopes are installed at a number of synchrotron
radiation sources around the world [5], and laboratory instruments are also in use [6].
Determination of three-dimensional structure is possible by computed tomography, which has
been shown to provide 50-70 nm isotropic resolution [7,8]. In addition, the method allows for
classification of different intra-cellular structures according to their local absorption
coefficient (LAC) via Beer-Lambert’s law, in analogy to the macroscopic x-ray imaging of
computed tomography. However, x-ray microscopes produce images of the object, instead of
geometrical projections. Therefore, the accuracy of the reconstructed LAC depends on the
coherence-dependent contrast transfer of the optic, artifacts from the reconstruction, sample
thickness as well as stray light.
Analytical methods for calculating the image formation of a three-dimensional object in
microscopes have been presented for both incoherent [9] and partially coherent systems [10].
These methods are limited to weakly scattering objects in the first Born approximation. The
incoherent case has been applied numerically to the case of a scanning x-ray microscope [11]
but the partially coherent case of transmission x-ray microscopy has so far not been
investigated. Here we present a numerical model for partially coherent image formation of
thick samples based on wave propagation through the object. It therefore also includes effects
of multiple scattering. We apply the model to tomographic imaging in transmission x-ray
microscopy and analyze the influence of partial coherence and optical transfer on the LAC
and on depth-of-focus (DOF). The model allows quantitative analysis of 3D tomogram
accuracy and system performance optimization. We also present results of ray-tracing
simulations to determine stray light, produced by non-imaging orders of the zone plate, and
evaluate ways to mitigate it. Stray light leads to errors in the LAC and cannot be subtracted
from the image.

Fig. 1. Schematic of a transmission x-ray microscope setup with relevant coordinates. The
illuminating waves originate from the condenser point p and propagate through the object. The
resulting field behind the object is then imaged by the zone plate onto the detector.

2. Wave-propagation model
All existing transmission x-ray microscopes use critical illumination of the object by a
condenser, which can be based on reflection or diffraction. The illuminated object is then
imaged by the zone plate objective, which produces an image on a detector. The zone plate
has a resolution close to its outermost zone width and by using a hollow-cone illumination,
the strong 0th order is separated from the image. A schematic of an x-ray microscope is
shown in Fig. 1, where the relevant coordinates of the optical system are also shown.
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The imaging model is based on a previously published model limited to thin objects [12].
It approximates the zone plate as a thin lens and the condenser as a secondary incoherent
source where each condenser point p contributes with a coherent image of the electric field
E p (x,y) behind the object. This applies to most x-ray microscopes using synchrotron or

laboratory sources. The final 2D image I(Mx,My) is formed by the integration of these
individually coherent but mutually incoherent images over the spectrum and is given by
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Here, k  2  and f  f  f  f , where f is the focal length of the zone plate at
wavelength  and f and f correspond to the defocus and focal length for the central
wavelength, respectively. NAO is the numerical aperture of the objective. Note that the
aperture function can be changed arbitrarily, so other aberrations can easily be included in the
model.
The fields E p ( x, y ) are obtained by propagating plane waves through the object using a
finite difference method (FDM), which has been used previously in studies of x-ray optics
[13]. Here we have used a wide-angle [14] Crank-Nicholson FDM scheme [15] with
transparent boundary conditions [16]. To make the calculations computationally feasible, the
FDM is carried out in the x-z plane, assuming a constant object cross section in the ydirection. The slowly varying component of the field just before the object,
u j (z  0)  exp(ikx x j ) , is propagated through the object in steps of z , where k x is the x
component of incident wave vector k p . Each step forms a linear equation system,

Z u( z  z )  Z u( z ) , manipulates the border elements to allow only out-going waves, and
solves it. The matrices Z are given by
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where I is the identity matrix, x and z are the sampling grid spacings, and A the
second difference operator matrix. The non-zero elements of matrix B are given by

B  n(xi ,z)2 1 , where n( x, z ) is the local complex index of refraction of the object. The
 j,j
propagated wave u(z  t) is then expanded back to a 2D field, E p (x,y) , taking the omitted

phase gradient in the y-direction into account.
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3. Imaging of thick samples
Figure 2 shows results of the wave-propagation model, clearly illustrating the deviations from
geometrical projections due to the limited DOF. The calculations, performed in MATLAB,
are based on a zone plate with a 30 nm outermost zone width and 100 μm diameter, a central
wavelength of   2.48 nm and a bandwidth of    1 500 . The test phantom (Mylar
features in water) is shown in Fig. 2(a), and has x-ray optical data taken from [17]. The
illumination angles produce varying partial coherence, quantified by the coherence parameter
m, defined as the ratio between the numerical aperture of the condenser and the numerical
aperture of the objective. Figures 2(b) and 2(c) demonstrate the aperture matched (m  1 )
and a more coherent case ( m  0.3 ) respectively. As a comparison, the completely coherent
case ( m  0 ) is shown in Fig. 2(d). Both contrast and DOF increase with the coherence,
especially for the larger features. This is partly explained by defocus phase contrast, that also
causes artifacts in the image.

Fig. 2. Simulated focus series through a thick object using the wave-propagation model. (a)
The phantom used in the simulations. (b) The aperture-matched condition, m = 1, yields the
shortest DOF. (c) Partially coherent illumination, m = 0.3, provides a longer DOF and (d) a
fully coherent illumination, m = 0, results in the longest DOF. Note the defocus phase contrast
in (c) and (d) and the longer DOF for larger structures.

4. Tomographic imaging
The model allows us to analyze the accuracy of 3D reconstructions as well as optimizing
future optical systems for x-ray microscopy. Figures 3(a)–3(c) shows simulated tomograms of
a resolution test phantom using the same microscope parameters as in Fig. 2. The tomograms
were reconstructed from projected densities of 360 calculated images, covering tilt angles of
0–180°, using a weighted back-projection algorithm [18] implemented in MATLAB. The
accuracy of the reconstructed LAC decreases with feature size and sample radius.
Furthermore, loss of resolution is larger in the angular direction compared to the radial. It is
also clear that the aperture-matched case (m  1 ) of Fig. 3(b) produces a higher resolution,
but the more coherent case, Fig. 3(c), results in higher contrast and, thus, a higher LAC. In
fact, while the incoherent case leads to an underestimation of the LAC, the partially coherent
case leads to an overestimation due to the defocus phase contrast seen in Fig. 2(c). This shows
that the coherence of the illumination plays an important role in x-ray tomography and needs
to be taken into account when optimizing system parameters. The proper choice of these
parameters (such as zone-plate optics, condenser and source) depends on the object (e.g., size,
composition, structure) and imaging goals. Since the resulting 3D image quality critically
depends on these parameters, full-system modeling is necessary for optimizing image quality
and evaluating imaging performance. To further emphasize the influence of partial coherence
on tomographic imaging, Figs. 3(d)–3(f) shows simulations using a realistic cell model [19].
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All parameters and calculations are the same as the corresponding images of Figs. 3(a)–3(c).
Again, the aperture-matched case yields a higher resolution, at the cost of a lower contrast.

Fig. 3. Slices from reconstructed tomograms based on simulated images. (a) The resolution
phantom contains Mylar features (15, 30, 50, and 100 nm in size and separated by two diams)
in water. The two cases of aperture-matched illumination (b) and partially coherent
illumination (c) provide different contrast mechanisms and resolution. Note that the object is
not shown in its whole. The grey levels correspond to the LAC and comparisons with the
phantom indicate the error in the reconstructions. The realistic cell phantom (d) is simulated in
(e-f) with the same coherence parameters as in (b-c), again showing the role of coherence in the
illumination on tomographic reconstructions.

Thus the visual impression of Fig. 3(f) is preferred although the resolution is lower than in
Fig. 3(e).
5. Stray light analysis
Ray-trace simulations of x-ray microscope systems complement the wave-propagation model
by calculating stray light. The stray light is produced by other orders than the + 1st order of
the zone plate, with the 1st order being the main contributor. The ray-trace simulations were
made in three dimensions by tracing a fan of 250 rays from each detector pixel, through the
zone plate and back to the x-ray source. This procedure is equally accurate but
computationally much faster than simulating from the source. The 1st and 1st diffraction
order intensities were modeled, although the simulation can also include higher orders. The
model includes aberrations of the condenser optic and simulations are made in the absence of
an object. Just like the wave propagation model and the tomographic reconstructions, these
calculations were performed using MATLAB.
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Figure 4(a) shows the results of the ray-tracing model for the + 1st order image intensity,
I1 , of the source and the 1st order stray-light intensity, I s on the detector for the microscope

Fig. 4. Results of stray-light simulations under aperture-matched conditions. (a) Illumination
light and stray light shown over the field-of-view for the 99 μm diam, 30 nm outermost zone
width zone plate. (b) Stray-light ratio as a function of the source size in the object plane. The
stray light increases for shorter focal lengths and for larger source sizes.

arrangement given earlier and a source size of 40 μm in the object plane. For this
arrangement, the stray light is low in the center but increases off-axis. The stray light ratio,
defined as I s I1 , in the centre of the field of view is shown in Fig. 4(b) as a function of the
object-plane source size and zone plate focal length. Clearly, the stray-light ratio increases
with the source size and decreases with focal length. The stray light impairs contrast in the 2D
microscope images, which results in an underestimation of the LAC in the 3D tomograms.
The effect is stronger when studying highly absorbing specimens, since the resulting error in
the LAC will be large. Furthermore, as x-ray microscopes push the resolution to below 10 nm,
stray light will become more dominant as the focal lengths will be very small. This leads to
longer exposure times and a higher deposited dose, potentially limiting the resolution by
increasing noise. Note that systems using low-brightness large-size sources need to reduce
stray light by apertures or source demagnification, potentially prohibiting tomographic image
acquisition or increasing exposure times.
6. Conclusions
In summary, we have presented a numerical model for tomographic image formation of thick
samples in transmission x-ray microscopes. The model was applied to study the influence of
partial coherence on DOF and on the accuracy of tomographic reconstructions. We have also
presented results from ray-trace simulations, which show that transmission x-ray microscopes
may suffer from detrimental stray light. Both the degree of partial coherence and the stray
light affects the accuracy of the reconstructed LAC, making it more challenging to categorize
structures within cells. From the model we estimate that a resolution approaching 30 nm (halfperiod) over full 5-µm diameter objects should be achievable with a 30 nm outermost-zonewidth zone plate. Higher resolution is obtained for smaller objects or smaller-diameter regions
within larger objects. Such high-resolution quantitative 3D imaging of intact cells in their
hydrated near-native state is of significant importance for studies of the function and structure
of biological material on the nanoscale.
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